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We propose to use a continuous supersymmetric (SUSY) transformation of a dielectric permittivity
profile in order to design a photonic mode sorter. The iso-spectrality of the SUSY transformation
ensures that modes of the waveguide preserve their propagation constants while being spatially
separated. This global matching of the propagation constants, in conjunction with the adiabatic
modification of the refractive index landscape along the propagation direction results in the negligible
modal cross-talk and low scattering losses in the sorter. We show that a properly optimized SUSY
mode sorter outperforms a standard asymmetric Y-splitter by reducing the cross-talk by at least
two orders of magnitude. Moreover, the SUSY sorter is capable of sorting either transverse-electric
or transverse-magnetic polarized modes and operates in a broad range of wavelengths. The design
proposed here paves the way toward efficient signal manipulation in integrated photonic devices.
I. INTRODUCTION
The rapidly growing demand for high-capacity optical-
transmission technologies [1] sparked the growth of inte-
grated [2] and silicon [3] photonics. Efficient on-chip ma-
nipulation of optical signals requires development of high
fidelity Y-junctions [4–8], photonic lanterns [9], mode fil-
ters and multiplexers [10], and interferometers [11] that
are optimized in terms of device length and efficiency [12–
15]. Recently, integrated mode converters [16, 17], filters,
and beam splitters [18] based on the principles of super-
symmetry (SUSY) were proposed.
The notion of SUSY emerged first in the quantum field
theory where it related the bosonic and fermionic degrees
of freedom [19]. Later, SUSY was used as an analytical
tool in quantum mechanics [20], allowing for discovery
of new families of reflectionless [21] and periodic poten-
tials [22, 23]. The similarities between the Schro¨dinger
equation and the Helmholtz equation describing electro-
magnetic waves enabled application of SUSY in optical
systems [24–27]. Various problems in photonics were ad-
dressed using SUSY, including creation of topologically
protected midgap states [28] and optimization of semi-
conductor quantum-well cascade lasers [29–31], laser ar-
rays [32–34] and other coupled systems [35].
To date, the majority of applications employ the un-
broken SUSY that relates partners supporting the same
set of eigenstates with the exception of the fundamental
state. Whereas, the broken SUSY allows one to generate
families of exactly iso-spectral potentials described by a
continuous parameter. Optical applications of the bro-
ken SUSY remain mostly unexplored, with the exception
of the scattering structures studied in Ref. [26].
Here, we propose a design of a mode sorter based
on the continuous SUSY transformation in the broken
∗ wiktor.walasik@duke.edu
† natalia.litchinitser@duke.edu
regime. We introduce the permittivity distribution that
changes adiabatically [36] along the propagation direc-
tion to minimize the scattering losses and cross-talk and
that is described by a continuous SUSY transformation
of the initial permittivity profile. The latter ensures that
the propagation constants of the modes to be sorted are
preserved along the length of the sorter. We demonstrate
that, as a result of this global matching of the propaga-
tion constants, the SUSY design allows for reduction of
the modal cross-talk by two orders of magnitude com-
pared with a standard asymmetric Y-splitter [4]. More-
over, the SUSY mode sorter operates for both transverse-
electric (TE) and transverse-magnetic (TM) light polar-
ization, and it shows low losses and modal cross-talk
over a broad wavelength range. Finally, we show that
sorting of multiple modes [5] is possible with the SUSY
based design. Compared with the previous SUSY based
modes sorters [17, 18], our design offers similar perfor-
mance with an order of magnitude smaller sorter length
and can separate modes without losing energy via radia-
tive modes. It is important to stress that SUSY-based
design method presented here enables the cross-talk re-
duction by a systematic choice of the transverse waveg-
uide profiles at different cross-sections along the length of
the sorter ensuring that the propagation constants of the
modes are preserved. On the contrary, previously used
optimization approaches mostly use a fixed rectangular
waveguide profiles and rely on optimizing the spacing
or coupling constants between the waveguides, while the
input and ouput modes have different propagation con-
stants [12, 14, 15]. Our SUSY-based design might find
application in splitting and recombining different modes
of integrated devices that require matching of the prop-
agation constants.
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2II. MODE SORTER DESIGN
Let us consider a planar waveguide (invariant along
the y-direction) defined by the permittivity distribu-
tion ∞(x). For the TE polarization of light, the modes
of such a waveguide are fully defined by Ey(x, z) =
φ(x) exp(iβz), where the propagation constant β is re-
lated to the effective index of the mode as β = k0neff
and the transverse electric field profile is denoted by φ(x).
Here, k0 = 2pi/λ and λ denotes the free-space wavelength
of light. The mode profiles φ can be found using the
Helmholz equation
[∂2x + k
2
0∞(x)]φj = β
2
jφj , (1)
where the index j enumerates the modes. Unless stated
otherwise, the results presented in this work are obtained
for TE polarization.
Equation (1) has the form of a time-independent
Schro¨dinger equation and therefore, the permittivity dis-
tributions iso-spectral with ∞ can be found using a
continuous SUSY transformation. The single-parameter
family of iso-spectral permittivity distributions is de-
scribed by [20]:
α(x) = ∞(x) + 2k−20 ∂
2
x ln[I1(x) + α], (2)
where the parameter α ∈ R\[−1, 0], and I1(x) =∫ x
−∞ φ
2
1(x
′)dx′. Here, φ1 denotes the fundamental TE-
polarized mode of ∞. Permittivity profiles of a few mem-
bers of the iso-spectral family α are shown in Fig. 1(a)
with the supported mode profiles φ. Figure 1(b) shows
the permittivity distribution α(x) as a function of the
parameter α. For α → ±∞, one recovers the original
permittivity profile. Decreasing the value of |α| modifies
the shape of the original potential in such a way that
for α→ 0 (−1) a waveguide supporting the fundamental
mode emerges and shifts towards x = −∞ (+∞).
Using the continuous SUSY transformation outlined
above, we design a mode sorter for two modes in the
following steps. We start with the input (multimode)
waveguide profile given by ∞(x). For this waveguide, we
perform the SUSY transformation described by Eq. (2),
which results in a family of permittivity profiles α shown
in Fig. 1(b). From there, we can extract the relation be-
tween the position of the center of the waveguide sup-
porting the fundamental mode xc and the parameter α.
Now, for a mode sorter with a geometry given by an ar-
bitrary xc(z), we can find the appropriate mapping of
α(z). As a result, we obtain a permittivty landscape
(x, z) like the one shown in Fig. 1(c), where a SUSY
mode sorter described by xtanhc (z) =
H
2 [tanh(Aξ) + 1] is
shown. Here, ξ = zL − 12 , and L denotes the length of the
sorter. The value of the parameter H is chosen in such
a way that the overlap between the modes at the output
of the sorter is smaller than 0.1% In a sorter designed
using this method, the input modes are spatially sepa-
rated, and, at the same time, the higher order modes of
the input waveguide are converted into the fundamental
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FIG. 1. (a), Permittivity profiles α(x) (red lines) for
the values of the parameter α marked by white dashed lines
in (b), for ∞(x) = 1.3 + ∆ exp[(x/σ)4]. The normalized
mode amplitudes |˜φj |(x) of a given permittivity profile are
shown with blue lines [37]. The eigenvalues n2eff,j for each
of the modes are marked by the green lines. The param-
eters used are: ∆ = 0.2, σ = 1.1λ. (b) Landscape of
the permittivity α(x) created using the SUSY transforma-
tion given by Eq. (2). (c) Permittivity landscape for the
SUSY-based mode sorter for which the center of the waveg-
uide supporting the fundamental mode follows the trajectory
xtanhc (z) =
H
2
[tanh(Aξ) + 1], for A = 5, H = −4.2λ, and
ξ = z
L
− 1
2
.
modes of the output waveguides while the propagation
constants of all the modes are preserved along the prop-
agation direction.
III. RESULTS
A. Methods
In order to estimate the performance of the mode
sorter designed using the continuous SUSY transforma-
tion, we have used two methods. In the first one, we ex-
cite separately each of the modes supported by the input
waveguide and study the cross-talk to the output waveg-
uides that do not support the excited mode. The cross-
talk Ci,j is defined as the power in the output waveguide
supporting the mode j divided by the input power while
only the mode i is excited. In this method, the opti-
mal performance of the coupler is achieved by minimizing
the cross-talk and maximizing the power in the output
waveguide supporting the excited mode (minimizing the
losses of the sorter).
In the second method, all the modes of the input
waveguide are excited at the same time, in such a way
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FIG. 2. Performance comparison of a standard asymmet-
ric Y-splitter and the three SUSY mode sorters described in
the text using two methods: single-mode excitation (a), and
multi-mode excitation (b). (a) Cross-talk (max{C1,2, C2,1})
as a function of the sorter length L. (b) Standard deviation
of the transmittance averaged over the input phase difference
between the modes (max{std[T1], std[T2]}) as a function of
the sorter length L. (c), (d) Typical distribution of the z-
component of the normalized Poynting vector S for single-
mode excitation (fundamental mode excited) (c) and multi-
mode excitation (d).
that they inject equal powers into the sorter. Here, we de-
fine the transmittance Ti as the ratio between the power
in the output waveguide supporting the mode i and the
total input power. Because of the interference between
the excited modes, the transmittances Ti depend on the
phase difference between the input modes. We compute
the transmittances for the values of the phase difference
between 0 to 2pi and compute the standard deviation of
the obtained results. Here, the optimum performance is
obtained when all the Ti’s are equal to each other and
their standard deviations are minimized.
B. Sorter geometry
Figure 2 shows the analysis of the SUSY mode-sorter
efficiency using the two methods outlined above for three
different geometries xc(z). We compare their perfor-
mance with a standard asymmetric Y-splitter used as
a reference. For the SUSY sorters, the position of
the center of the waveguide supporting the fundamen-
tal mode is given by (i) a linear function xlinearc (z) =
H
L z, (ii) x
tanh
c (z), and (iii) x
tanh2
c (z) =
H
2 {tanhB ξR +
C sign(ξ)( ξR )
m] + 1}. Here, R = L/(L− 2z0), where z0 is
the solution of ∂zx
tanh2
c (z) = d0, which ensures that the
inclination of the waveguide center profile at the input
and output is smaller that d0 = 10
−3. The parameters
B = 5, C = 60, and m = 4 were found using an optimiza-
tion procedure aimed at minimizing the mode cross-talk
for a fixed sorter length L.
For the asymmetric Y-splitter used as a reference, we
have chosen a rectangular input waveguide described by
Y (x) = 1.3 + ∆YH(−|x| + σY ), where H is the Heav-
iside step function, σY = 1.1λ, and ∆Y = 0.2. This
input waveguide splits into two asymmetric rectangular
branches with the widths σ1 and σ2 (σ1 +σ2 = σY ). The
separation between these two branches is then linearly in-
creased along the length of the splitter. The width of the
two branches were optimized to yield the lowest cross-
talk for a given length, resulting in σ1 = 0.4σY . All the
simulations of the light propagation in the mode sorter
were performed using the finite-difference time-domain
solver implemented in Lumerical [38].
Figures 2(a), 2(b) reveal that the single- and multi-
mode excitation methods yield the same dependence of
the sorter performance both on the length and on geome-
try, as expected in a linear system. The modal cross-talk
in the sorters described by xlinearc and x
tanh
c , as well as
the Y-splitter decreases linearly with the increase of the
length L. For the geometry given by xtanh2c , the cross-
talk decreases rapidly for L < 175λ and then remains
below the level of 0.01% (−40 dB). However, despite the
low values of the cross-talk, the standard deviation of the
power in the two arms has much larger values as a result
of the interference pattern forming in the input waveg-
uide. As the phase difference at the input changes, the
position of the interference maximum periodically shifts
from one edge of the input waveguide to the other (along
the x-direction). Depending on the spatial location of the
interference maximum, the power coupled to the output
branches of the sorter varies. For longer devices the stan-
dard deviation of the power is minimized, as the coupling
region becomes longer and contains multiple periods of
the interference pattern. Typical distributions of the z-
component of the Poynting vector obtained using the two
methods are shown in Figs. 2(c) and 2(d). As both meth-
ods give qualitatively the same results, in the following,
we will only use the single-mode-excitation method since
it is less computationally demanding (no averaging over
the input phase difference required).
The comparison of the performance in terms of the
cross-talk of the SUSY-based linear sorter with a stan-
dard asymmetric Y-splitter shows that the SUSY-based
sorter outperforms the Y-splitter by at least one order
of magnitude. Using a smooth xtanhc (z) profile allows
for further reduction of the cross-talk. Another order of
magnitude improvement can be achieved by further op-
timizing the xc(z) profile and using the sorter described
by xtanh2c . For all the SUSY-sorter geometries xc and
lengths L studied in Fig. 2, the power lost in the mode
sorter remains below 1%.
4C. Permittivity-contrast, wavelength, and
polarization sensitivity
Figure 3(a) shows the dependence of the performance
of the mode sorter described by xtanhc on the length L
for different values of the permittivity contrast ∆. It
can be seen that increasing the permittivity contrast
allows to reduce the device length necessary to obtain
the cross-talk below a certain target value. Moreover,
the length at which the target cross-talk is reached can
be predicted from the adiabacity condition [36]. The
probability of excitation of the mode j while the en-
ergy is concentrated in the mode i is defined as pi→j ≤
max
∣∣〈φj(z) |∂z|φi(z)〉 |βi(z)− βj(z)|−1∣∣2. Figure 3(b)
shows the comparison between the sorter lengths LT at
which the target cross-talk is reached (CT = 3 · 10−3) in
the numerical simulations and the lengths for which the
coupling probability predicted using the adiabacity con-
dition is smaller than 10−3. The results obtained using
these two methods are in good agreement.
Despite the fact that the mode sorter is designed us-
ing the Eqs. (1) and (2) for the TE light polarization, it
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FIG. 3. (a) Cross-talk in the SUSY mode sorter described
by the xtanhc as a function of the sorter length L for differ-
ent permittivity contrasts ∆. With the increase of the per-
mittivity contrast the width of the initial permittivity pro-
file ∞ is reduced (σ = [1.1, 0.8, 0.6, 0.55, 0.5]λ) so that only
two input modes are supported. (b) Comparison between the
sorter length at which the cross-talk reaches the target value
(CT = 0.03%, shown by blue line) (×) and the length for
which the coupling probability predicted using the adiabatic-
ity condition is below 0.01% (◦). The + symbols show the
performance of the mode sorter for the TM input polariza-
tion obtained using the numerical simulations. (c) Cross-talk
and the power lost in the mode sorter as a function of the
operation wavelength for L = 200λ, ∆ = 0.2, and σ = 0.9λ.
can efficiently operate for the TM polarization. As seen
in Fig. 3(b), the performance for the TM polarization
of the input light is slightly decreased compared to the
TE excitation. Nevertheless, the cross-talk value below
CT can be reached if the device length is increased by
about 1.5 times.
The SUSY design procedure described by Eq. (2) uses
the fundamental mode of the input waveguide that is
computed at a fixed design wavelength λ. In spite of
that, as shown in Fig. 3(c), the SUSY mode sorter can
operate in a broad range of wavelengths. The cross-talk
remains at the level below 0.4% while the losses are main-
tained below 2.5% in a wavelength range spanning 40%
of the design wavelength. In the wavelength range un-
der consideration, the input waveguide supports precisely
two modes. The performance of the sorter improves at
shorter operation wavelengths due to the two following
reasons. Firstly, the device becomes longer with respect
to the operation wavelength and therefore the adiabac-
ity improves. Secondly, the separation between the two
output branches increases with respect to the operation
wavelength and, as a result, the coupling between the
branches decreases.
D. Sorting multiple modes
Finally we show that it is possible to design a SUSY-
based mode sorter capable of separating multiple modes.
As illustrated in Fig. 4(a) the modes are sorted in a
sequential manner. In the first step, the fundamental
mode of the input waveguide is separated. In the second
step, the second order mode of the input waveguide be-
comes the fundamental mode of the top waveguide (lo-
cated around x = 0) at z = L/2. Therefore, this new
fundamental mode can be used in the SUSY transfor-
mation described by Eq. (2) applied to the permittivity
profile (x, z = L/2). This time we use α < −1 in or-
der to shift the center of the newly emerged waveguide
in the positive x-direction. The resulting permittivity
landscape is shown in Fig. 4(a). As it can be seen in
Fig. 4(b), for a sufficiently long sorter (L > 500λ) the
mode cross-talk and the device losses remain below 0.1%
and 1%, respectively.
200 400 600
10-2
100
102
FIG. 4. (a) Permittivity landscape for the SUSY sorter
capable of spatially separating three modes. (b) Dependence
of the cross-talk (max{C1,2, C1,3, C2,1, C2,3, C3,1, C3,2}) and
power lost in the sorter as a function of the sorter length L.
5IV. SUMMARY
In conclusion, we have presented a design of a mode
sorter constructed using iso-spectral permittivity profiles
generated by the continuous transformation in the bro-
ken supersymmetric regime. In this design, the propaga-
tion constants of the modes are preserved over the entire
length of the sorter which, in connection with the adi-
abatic permittivity modification along the propagation
direction, allows to minimize the cross-talk between the
output waveguides and the scattering losses. As a result,
we report two orders of magnitude reduction of the cross-
talk compared to a standard asymmetric Y-splitters.
Even though the supersymmetric mode sorters are de-
signed at a specific wavelength and for the transverse-
electric light polarization, their performance is not com-
promised in a broad wavelength range spanning 40% of
the design wavelength and for transverse-magnetic po-
larization. Finally, we have demonstrated that the su-
persymmetry based design can be used to efficiently sort
multiple modes. The experimental demonstration of the
proposed modes sorter might be enabled by tapered opti-
cal fibers [39], channel waveguide segmentation [40, 41],
femtosecond laser written techniques [42], or electron-
beam lithography [43, 44]. The supersymmetry-based
optimization method of the mode converter presented
here can be used as an alternative for other design tech-
niques based on adiabatic mode evolution. For instance,
the mode sorters designed using the procedure described
in this work achieve comparable cross-talk and device
length as the state-of-the-art systems designed using the
method based on fast quasiadiabatic dynamics [14, 15].
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